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1. INTRODUCTION 
This paper is a continuing study of the properties of fuzzy topological 
spaces as introduced in [l-3]. 2 d h a e ‘s classical paper [l] introduced the 
fundamental concept of fuzzy sets, upon which lies the foundation of fuzzy 
mathematics. The theory of fuzzy topological spaces is a branch of such 
mathematics. 
General topology can be regarded as a special case of fuzzy topology where 
all membership functions in question take values 0 and 1 only. Therefore, 
one would expect weaker results in the case of fuzzy topology. This paper 
demonstrates ome of them. In the meantime, these results are shown to be 
the best one can obtain in the present framework. 
In [2,3], some basic properties of fuzzy topology were discussed. Here, we 
are interested in generating new fuzzy topologies from given ones and studying 
conditions for some properties to carry over. Product and quotient fuzzy 
topologies are introduced and studied in this spirit. 
2. PRELIMINARIES 
Let X = {x} be a space of points. A fuzzy set A in X is characterized by a 
membership function pA(x) from X to the unit interval [0, 11. 
DEFINITION 2.1. Let A and B be fuzzy sets in X. Then 
A = B * PAW = ~~64 
A C B + PAW < P&) 
C = A u B + p&) = m~[d~), ~~(41 
D = A n B 0 p&) = min[p,4~), 1-441 
E = A’ O/L&) = 1 - CL,&) 
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for all x E X, 
for all x E X, 
for all x E X, 
for all x E X, 
for all x E X. 
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More generally, for a family of fuzzy sets, & = {Ai 1 z’ EI), the union 
C = u1 Ai , and the intersection, D = 0, Ai , are defined by 
and 
CL&) = s~Pk&N XEX, 
CL& = iqfb.&)l XEX. 
The symbol 0 will be used to denote the empty fuzzy set (p&x) = 0 for all 
x in X). For X, we have by definition p*(x) = 1 for all x in X. 
DEFINITION 2.2. A fuzzy topology is a family y of fuzzy sets in X 
which satisfies the following conditions: 
(b) If A, BET-, then AnBET, 
(c) If Ai E Y- for each i E 1, then U1 A, E F. 
9 is called a fuzzy topology for X, and the pair (X, y) is a fuzzy topological 
space, or fts for short. Every member of 9 is called a y-open fuzzy set 
(or simply open fuzzy set). A fuzzy set is y-closed (or simply closed) iff 
its complement is y-open. 
As in general topology, the indiscrete fuzzy topology contains only Q, and 
X, while the discrete fuzzy topology contains all fuzzy sets. 
DEFINITION 2.3. Letf be a function from X to Y. Let B be a fuzzy set in 
Y with membership function &y). Then the inverse of B, written as 
f-l[B], is a fuzzy set in X whose membership function is defined by 
for all x in X. 
Conversely, let A be a fuzzy set in X with membership function am. The 
image of A, written as f [A], is a fuzzy set in Y whose membership function 
is given by 
PdY) = zs&P.4(z)3 if f -l[y] is not empty, 
X=2 0 otherwise, 
for all y in Y, where f -l[y] = {x 1 f(x) = y}. 
DEFINITION 2.4. A function f from a fts(X, Y-) to a fts(Y, %) is F-con- 
tinuous iff the inverse of each &-open fuzzy set is r-open. 
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THEOREM 2.1. A function f from a fts(X, y-) to a fts( Y, @) is F-continuous 
iff the inverse of each @-closed fuzzy set is y-closed. 
Proof. See [2]. 
A fuzzy homeomorphism is an F-continuous one-to-one map of a fts X 
onto a fts Y such that the inverse of the map is also F-continuous. If there 
exists a fuzzy homeomorphism of one fuzzy space onto another, the two 
fuzzy spaces are said to beF-homeomorphic, and each is a fuzzy homeomorph 
of the other. Two fts are topologically F-equivalent iff they are F-homeo- 
morphic. 
3. PRODUCT FUZZY TOPOLOGY 
DEFINITION 3.1. Let r be a fuzzy topology. A subfamily 9? of 9- is a 
base for y iff each member of 9- can be expressed as the union of some 
members of g. 
DEFINITION 3.2. Let 9- be a fuzzy topology. A subfamily Y of r is a 
subbase for r iff the family of finite intersections of members of S forms a 
base for r’. 
Let {X,}, 01~1, be a family of spaces. Let X = nlae, X, be the usual 
product space, and let P, be the projection from X onto X, . 
Further assume that each X, is a fts with fuzzy topology r, . Let B E ra-,; 
then by Definition 2.3, P;l[B] is a fuzzy set in X. The family of fuzzy sets 
Y={P,-l[B] IBEFa, 01 E I} is now used to generate a fuzzy topology .7 
for X in the following manner: Let g be the family of all finite intersections 
of members of Y. Let 9- be the family of all unions of members of a. It is 
clear that y is indeed a fuzzy topology for X, with g as a base and Y a 
subbase. 
DEFINITION 3.3. Given a family of fts{(X, , <)}, (Y E I, the fuzzy topology 
r defined as above is called the product fuzzy topology for X = naEI X, and 
(X, 7) is called the product fts. 
Some immediate consequences from this definition are listed here. 
THEOREM 3.1. Let (X, r) be the product fts of the family of fts’s {(X, , ya)}, 
LxEI. 
(i) For each a E I, the projection P, is F-continuous. 
(ii) The product fuzzy topology is the smallest fuzzy topology for X 
such that (i) is true. 
(iii) Let (Y, a) be a fts and let f be a function from Y to X. Then f is 
F-continuous @for every 01 E I, P, 0 f is F-continuous. 
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Proof. (i) and (ii) follow from the definition of product fuzzy topology. 
(iii) (a) clear. 
(e) Let B E ra . Then (PO1 of)-1 [B] = (f-1 o P;‘) [B] is %-open. 
Therefore, (f -l[P;l[B]]}, B E Ya , 01 E I is a family of %-open fuzzy sets in Y. 
Recall that every member of r is the union of finite intersections of members 
of the family {P;‘[B]}, B E FM , 01 E I, and that f-l preserves union and 
intersection. It follows that f-l maps y-open fuzzy sets onto %-open fuzzy 
sets; hence, f is F-continuous. 
DEFINITION 3.4. A fts(X, r) is said to be Cn if there exists a countable 
base g for r. 
Next, we shall obtain product theorems for Cn spaces. One would notice 
the difference between fuzzy topology and general topology. 
THEOREM 3.2. Let {(X, , YJ}, LY. = 1, 2 ,..., be a countable famzly of 
C1, fts’s. Then the product fts(X, 9J is also C,, . 
Proof. Let .%7* be a countable base for ya . Let @ = {P;l[B] ( B ~g=}. 
a! = 1, 2,..., and het S9 be the family of all finite intersections of members of a. 
Then g is a countable subfamily of y. We shall show that g is a base for f. 
Let FE y. By definition of product fuzzy topology, F is the union of open 
fuzzy sets of the form fly’, P;‘[AJ, where Ai E rai . Since gtii is a base for 
9- oLi 7 
Ai = u Byi, 
j&J/ 
Bji E BEi . 
Consequently, 
Note that, in general, 
where Ci , Dj are fuzzy sets. This can be easily generalized to finite inter- 
sections. Therefore, 
is the union of finite intersections of members of a. It follows that 9’ is a 
base for y. 
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We shall next show that uncountable products of Cn spaces may not be 
Cn; hence, the above result is, in a sense, the best one can get. 
THEOREM 3.3. Let {(X, , YJ}, OT E I be an uncountable family of Cl1 
spaces uch that 
(i) none is indiscrete, and 
(ii) in each fts(X, , FE), f or any F E YE and F # 0, there exists a point 
x E X, such that &x) = 1, where pLF is the membership function of F. 
Then the product fts(X, F) is not C,, . 
Proof. By definition of product fuzzy topology, 9 has a base g0 with 
members of the form 
Then, by (ii), PJB,,] = X, , for cy # LY( , i = 1, 2 ,..., n and B,, # @. Indeed, 
let xi E Xat such that pr,$xi) = 1, i = 1, 2 ,..., n. Let x, E X, . Consider the 
subset 
s = (Xl} x *** x h> x 6%) x n. 43 
BfNi, 
i=l,Z,...,Vb, 
B#U 
of X. Then ~~&s) = 1 for all s E S. Therefore, ~~~[~,l(x~) = 1. Since x, is 
arbitrarily chosen, it follows that PJB,,] = X, . 
Now if (X, 9) is C,, , then .Y has a countable base g = {Bi}, i = 1, 2,... 
for each Bi # @ ofg, there exists a member B, # @ of,%?,, such that Bi 3 B, , 
say 
n 
Then P,[B;] r) PJB,,] = X, for 01 # q , i = 1, 2 ,..., n. Therefore, 
P,[B,] = X, , for cy # oli , i = 1, 2,. . ., n. Do this for all members of A?. 
It follows that there exists a countable subset K of the index set I such that 
for any 01 E I - K, P,[B,] = X, for all Bi # @. Since I is uncountable, there 
exists E,, ~1 - K. Hence PJB,] = Xa, for all B, # 0. By assumption, 
X=, is not indiscrete; therefore, there exists an open fuzzy set A, , A, # @, 
X+ P;O1[AO] is an open fuzzy set in 9. By definition of base, there exists a 
member Bi # @ of 9J such that P;l[A,,] 1 Bi . Therefore 
&,[P~l[~oll 3 f’&41 = X,, . 
On the other hand, PolOIP~l[AO]] = A, . This is a contradiction. 
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After countability, we shall present a product theorem for compact spaces. 
Once again, departure from general topology is evident. First, let us recall 
some definitions. 
DEFINITION 3.5. Let (X, .T) be a fts. A family & of fuzzy sets is a cover 
of a fuzzy set B iff B C u (A 1 A E &}. It is an open cover iff each member 
of ..& is an open fuzzy set. A subcover of JTZ is a subfamily which is also a 
cover. 
DEFINITION 3.6. A fts is compact iff each open cover of the space has a 
finite subcover. 
DEFINITION 3.7. A fts is countably compact iff every countable open cover 
of the space has a finite subcover. 
We also need the following definition. 
DEFINITION 3.8. Let X be a space of points. Let Q be a subset of X. A 
family JZZ of fuzzy sets is a cover of Q iff sup,,& ~JX) = 1 for all x E Q. 
THEOREM 3.4. Let {(X, , <)}, cx = 1, 2 ,..., n be a jkite family of 
compact (countably compact) fts’s. Then product fts(X, F) is also compact 
(countably compact). 
Proof. It suffices to show that the theorem is true for the case n = 2. 
In this case, the product fuzzy topology can be characterized as follows: 
9-={A, x A,jA,EY=,ol=1,2). 
where A, x A, is the fuzzy set in X with membership function 
PA,X&I , x2) = mi444,(4 IL&~)). 
We shall prove the theorem for the case of compactness only since the case 
of countable compactness is similar. 
Let & = {BJ, i ~1, be an open cover of the product fts(X, T). Let 
B. = A(f) x A(i) * 1 2 P Aj%Y- 19 At’ E SC2 for all i E I. 
Let y be any point in X2 . Consider the subset S, = X, x {y} of X. For 
any 6 > 0, let V,,, be the subfamily of J& such that Ai’) x ALi) E V,,, 8 
p&x1) > 1 - 6 for at least one point x, E X, and ~~$y) > 1 - 6. 
Consequently, V,,, forms an open cover of the subset S, . To see this, only 
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note that if (x, y) E S, , be definition of &, there exists a countable subfamily 
{Al’) x ALk)}, K = 1, 2 ,..., of Oe such that 
hence for k large Aik) x Aik) E I’,,, . Without loss of generality, one can 
assume that {Aik) x Ahk)}, K = 1, 2,..., is a subfamily of V,,, . Do this for 
all (x, y) E S,; one concludes that V,,, contains a cover of S, . 
Let W,,, = (Ar) 1 A?) x At) E VW,,>. Then W,,, is an open cover of 
(Xl, Yl) since for any x E Xi, there exists a countable subfamily 
(A:‘“’ x Ag’}, h = 1, 2 ,..., of V,,, such that lim,,, ~~p)~~$x,y) = 1; 
consequently, lim k+m pA$.lc) = 1. By compactness of (Xi , ri), there exists 
a finite subcover of W,,, , say Z,,, . To each A?) E Z,,, , select one Af) 
such that A?) x A?) E V,,, . The finite family {A?) x Af)} thus constructed 
will be called HUP6 , and the finite family of the corresponding Af)‘s will 
be called G,,, . Members of G,,, are Z$open fuzzy sets. Let their inter- 
section be D,,, . Then DvSs is open in (X, , 97a). Do this for all y E Xa and 
for all 6 > 0. Clearly, the family {Dy,6}, y E X, , 6 > 0, forms an open cover 
of (X, ,7a). By compactness of (X, , ZJ, there exists a finite subcover, 
say (D,i,si>, i = 1, 2 ,..., m. Finally, {Hyi,Gi}, i = 1, 2 ,..., m, forms a finite 
subcover of &‘. It is finite since its a finite collection of finite families. To see 
it is a cover, note that for any (x, y) E X, there exists a D,i,,i such that 
~o,~,$y) = 1. Therefore, pA(y) = 1 for all A E G,( ,6i . On the other hand, 
there exists B E Zg, ,6i such that &x) = 1. Select a member of Hvi,di with B 
as the first coordinate, say B x B, . Then pBxBO(x, y) = 1 since B, E Gg,,Bi . 
The following counterexample shows that, in a sense, Theorem 3.4 is the 
best one can hope for. 
THEOREM 3.5. There exists a countable family of compact (countably com- 
pact) fts’s such that their product fts is not compact (countably compact). 
Proof. Let Y be any space of points. Let n be any positive integer. Let 
A, be the fuzzy set in Y with membership function pan = 1 - (1 /n) for all 
y E Y. Let X, = Y and let rn = {a, A,, Y}. Then (X, , yn) is a compact 
(countably compact) fts since X, is the only open cover of X, . However, 
the product fts of the countable family {(X, , yn)}, n = 1,2,..., is not 
compact (countably compact). 
To see this, note that the fuzzy set P;‘[A,J has membership function 
for all x E X = fi X, . 
7%=1 
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By definition of product fts, the family 
Y = {CD, x, P,-I[A,], n = 1,2 ,... } 
is used to generate the product fuzzy topology 7 by first taking the finite 
intersections and then the unions of these intersections. Clearly, the product 
fuzzy topology thus generated is eaxctly Y itself. The family (P;‘[An]}, 
n = 1, 2,..., is an open cover (countable open cover) of (X, YJ which has no 
finite subcover. 
4. QUOTIENT FUZZY TOPOLOGY 
In this section, we discuss another method of constructing new fuzzy 
topology, which can be regarded as the dual of the product fuzzy topology. 
Let X be a space of points. Let R be an equivalence relation defined on X. 
Let X/R be the usual quotient set, and let P be the usual projection from X 
onto X/R. 
If (X, S) is a fts, one can define a fuzzy topology in X/R such that P is 
F-continuous as follows. Let 4? be the family of fuzzy sets in X/R defined by 
% = {B / P-l[B] E y}. Then % is a fuzzy topology, called the quotient 
topology for X/R, and (X/R, %) is called the quotient fts. 
We have results similar to Theorem 3.1. 
THEOREM 4.1. (i) The quotient fuzzy topology is the largest fuxxy topology 
such that P is F-continuous. 
(ii) Let (Y, V) be a fts. Let g be a function from the quotient fts(X/R, a’) 
to (Y, V). Then g is F-continuous zjfg 0 P is F-continuous. 
Proof. (i) Trivial. 
(ii) (3) It follows from the fact that composition of F-continuous 
functions is F-continuous. 
(0 Let V E V, then by assumption (g 0 P)-l [V] = P-l[g-l[V]] is 
open in (X, r). By definition of quotient fuzzy topology, g-‘[VI is open in 
(X/R, @). Therefore g is F-continuous. 
DEFINITION 4.1. A function from a fts(X, 9) to a fts(Y, V) is said to be 
F-open (F-closed) iff it maps a fuzzy open (closed) set in (X, y) onto a fuzzy 
open (closed) set in (Y, V). 
THEOREM 4.2. Let f be a F-continuous function from a fts(X, y) onto a 
520 C. K. WONG 
fts( Y, V) such that f is either F-open or F-closed, then there exists an equivalence 
relation R on X such that (Y, V) is F-homeommphic to the quotient !&(X/R, ‘?J). 
Proof. Define a relation R on X by agreeing that x is R related to y 
ifff(x) =f(y). Then R is an equivalence relation. As usual, the equivalence 
class of x will be denoted [xl. Define a function h from (Y, V) to (X/R, a) 
as follows. Let y E Y. Then there exists x E X such that f(x) = y. Define 
h(y) = [xl. Then h is one-to-one onto. By Theorem 4.l(ii), h-1 is F-continu- 
ous since f = h-l 0 P is F-continuous. If f is F-open, let Q be an open fuzzy 
set in X/R. Then P-‘[Q] is open in (X, S), and 
f [WQII = WW-l[Qlll = WQI 
is open in (Y, %). Hence, h is F-continuous. If f is F-closed, then let Q be a 
closed fuzzy set in X/R. Following the same argument, one concludes that h 
is F-continuous. 
DEFINITION 4.2. Let A be a fuzzy set in a fts(X, y). Let R be an equiv- 
alence relation on X, which is therefore decomposed into disjoint subsets 
.9 = {X,}, i E I (x, y E Xi iff they are R related). Define two new fuzzy sets 
Ai , A, in X with membership functions as follows: 
and 
I1&) = $pdY) for x E Xi 
I 
PA&4 = $$k4Y) forxEXi. ” 
They will be called upper and lower fuzzy sets of A, respectively. 
THEOREM 4.3. Let P be the projection from a fts(X, .9-) onto its quotient 
fts(X/R, %). Then the following statements are equivalent. 
(i) P is F-open. 
(ii) If A is an open fuzzy set in (X, S), then its upper fuzzy set A, is 
open. 
closey) If A is a closed fuzzy set in (X, 5), then its lower fuzzy set A, is 
If “open” and “closed” are interchanged in (i), (ii), and (iii), the resulting 
statements are equivalent. 
Proof. Only note that A, = P-l[P[A]] and A, = [P-l[P[A’]]]‘. The result 
follows. 
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THEOREM 4.4. If (X, T) is CII and P is F-open, then the quotient 
f&(X/R, @) is C,, . 
Proof. Let 3Y be a countable base for r. For B EL%‘, P[B] E % since P 
is F-open. The family {P[B]}, B E 93 f orms a countable base for @. To see 
this, let V E Q. Then P-l[ V] E Y and hence is the union of members of a, 
say P-‘[VI = USE1 B, . It follows that 
V = P[P-l[V]] = P 
THEOREM 4.5. If (X, 9) is compact (countably compact), then the quotient 
fts(X/R, @) is compact (countably compact). 
Proof. Only note that P is F-continuous, onto, and that a F-continuous 
image of a compact (countably compact) fts is compact (countably compact). 
(See 131). 
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